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— Handwritten in your own handwriting
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All material that does not satisfy these rules will be taken away from you and
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Use the separate answer sheet to indicate your answers. The exam consists of
four parts, each with a different type of problem. For the basic problems, mul-
tiple choice problems and calculation problems you will score 3, 4 and 5 points,
respectively, per correct answer and no points for incorrect answers. For the open
problems (8 points per problem) your score will depend on the answer and the
calculation. The exam grade is the result of the formula (10 + number of scored
points) /10, so 63 scored points result in grade 7.3, since (10+63) /10 = 7.3.

Good luck!



Part I: Basic Problems
3 points per problem

Problem 1

Consider the following statement:
For function y = x?> — 1 with domain R, its inverse function is x = /y + 1.
Is this statement true or false? Explain why.

Solution

False. Because the function y = x? — 1 is not one-to-one on its domain R, it has
no inverse function. See page 138 of the book.

Problem 2

For a function y = f(x) with domain D, consider the following statement:

For a point 2 in D, if lim,_,,- f(x) = lim,_,,+ f(x), then f(x) is continuous at
the point a.

Is this statement true or false? Explain why.

Solution

False. Because from lim,_,,- f(x) = lim,_,,+ f(x) we only know lim,_., f(x)
exists. And for f to be continuous at x = g, this limit must be equal to f(a). See
page 233 of the book.

Problem 3

Suppose we have a function of two variables, f(x,y), and we consider the partial
elasticity of f with respect to x. Describe in words the meaning of the partial
elasticity of f with respect to x.

Solution

The partial elasticity of f with respect to x measures the percentage (relative)
change of the function value, f(x,y), given a one percent increase in the variable
x, while y is held constant.

Problem 4

We would like to minimise the convex function f(x,y) = x> — 3xy + 4y?, where x
and y can take on any real value. Suppose that we have found a stationary point.
Is it necessary that we perform a second order test? Explain your answer.



Solution

Because f is a convex function (that is twice continuously differentiable and be-
cause the domain, R?, is a convex set), theorem 13.2.1 tells us that the (only)
stationary point is the (global) minimum of the function. Hence, it is not neces-
sary to perform a second-order test.

Part II: Multiple Choice Problems
4 points per problem

Problem 5

The graphs of f(x) and — f(—x) are symmetric about which of the following:

A. the origin B. the x axis C. the y axis D. the liney = x

Solution

f(x) and f(—x) are symmetric about the y axis, f(—x) and —f(—x) are sym-
metric about the x axis, so f(x) and —f(—x) are symmetric about the origin.
Answer A is correct.

Problem 6

The limit of 9;3:11 asx — 1lis:

A.0 B.1 C.3 D. o
Solution
-1 —1)(x? 1
lim :lim(x (x4 ):lim(x2+x+1):3
r—1 x—1 x—1 x—1 xX—
Answer C is correct.

Problem 7

Find the elasticity of y = ¢* In x with respect to x at the point x = e.

Ace+1l B.e+1 C.e D.1
Solution
X 1 X e~ 1
El.y=2.1y = (e°1 Y2) = = i
<Y y YT ey (¢'lnx+e x) ije"lnx X x+1nx
When x = ¢, Elyy = e+ 1/1Ine = e+ 1 Answer (B) is correct.




Problem 8

Compute the degree of homogeneity of the function

_alxy)®
flxy) = m

where a, b and c are constants. Which of the following answers is correct?

A. 1l B.2 C.3 D.4
Solution
o — A PP eyl a()
T b2 c(ty)? — bt2x2+ct2y2 12 (bx2 +cy?)  bx? +cy?
= tf(xy)
So the function f is homogeneous of degree 4 (answer D).

Problem 9

Consider the function f(x,y) = x* + 2xe¥ with x = 2(s — t) and y = its.
Compute the partial derivative of f(x,y) w.r.t. t in the point (¢,5) = (1,2).

A. —8—2e B. -8 C.4—4e D.4+2e
Solution
d d 1
af _ fd_x_l__fd_y = (2x+2@y)(—2)+2xey§s: —4x — 4e¥ + xse¥

dt — dxdt ' dydt
We fill in the point (t,s) = (1,2) togetx =2(2—1) =2andy =3-1-2=1,s0

%:_4,2_4el+2.2.el:—8—4e+4€:—8

Answer B is correct.

Problem 10

Let f(x,y) = yx¥e?**¥. Compute the partial elasticity of f w.r.t. x in the point
(x,y) = (3,2). Which of the following answers is correct?

A. 4 B.7 C.8 D. 20



Solution

filxy) =y (yx/~1eP Y + xe? Y - 2)

xfe(xy) _ xy (yad 'Y 4 2 ) e (y 4 2x)

El,(3,2) =24 2-3 = 8, so the correct answer is C.

XY e2x+y

=y +2x

Part III: Calculation Problems
5 points per problem

Problem 11
Solve the following equation for x

32x2—5x—|—6 — 1 (3X)X+1

9
Solution
32x2_5x+6 — 1 (3x)x+1
9
2
22 5ei6 3
<:> 3 X X — 32
N 32x275x+6 _ 3x2+x72
=2x2-5x4+6 = xX2+x—2

I
o

& x> —6x+8
& (x—-2)(x—4) =0
Sx=2o0rx=4

Problem 12

Find the value(s) of k which make(s) the remainder of (k?x? + kx — 6) = (x — 2)

equal to zero.




Solution

(K*x® + kx — 6) = (x — 2) = K?x + k + 2k

K>x? — 2k*x
(k+2K*)x — 6
(k +2k*)x — 2(k 4 2k?)
—6 4 2(k + 2k?)

The remainder equals zero, so

—6+2(k+2k*) =0
& 34+k+22=0
& (2k+3)(k—1)=0
< k=-3/2o0r1

Problem 13

1
Consider the function y = e3* ~2 4 3 with domain [6, c0). What are the inverse
and its domain? If the inverse does not exist, report ‘no inverse’.

Solution

e%x72 +3 = y
&2 = y—3
1
& X - 2 = In(y—3)

1

3 = In(y —3) +2

< x = 3ln(y—3)+6

So the inverse function is x = 31In(y — 3) 4+ 6. The domain of the inverse is the
range of the original function.

F6)=e¥243=¢"+3=1+3=14
lim e%x_z—l—?) =0
X—00

So the domain of the inverse is [4, o).




Problem 14
Find the slope of the tangent line to the curve (xy +1)? + x> = 5at (x,y) = (1, 1).

Solution

The slope of the tangent line is yy/. Using implicit differenciation on the curve,
we get

2xy+1)(y+xy') +2x =0

= (xy+1)(y+xy)+x=0

= (xy+1)y+ (xy+ Dy’ +x=0

—x—(xy+1)y
(xy +1)x

=1y =

At(xy) = (L1),y = 52 = -3,

Problem 15

For the function f(x) = "27+4 on the interval [1, 4], find the maximum and mini-

mum values of f(x) and the corresponding x values.

Solution
Step 1: find the stationary point(s) of f(x) = % =x+3
/ 4 2
f(x)=1—;=0<:>x =4 S x =42

Note that —2 is not in the interval [1, 4], so we find one candidate point x = 2,
f2) =4t =4
Step 2: compute the function value at the boundary points.

fay =125
fay =% =5

Step 3: compare the function values at the above candidate points. We conclude
that, on the given interval, the maximum value of f(x) is 5 at x = 1 and 4, the
minimum value is 4 at x = 2.




Problem 16

Let f(x,y) = x¥ + In(3y? + 1) + 2xy.
Find all first- and second-order partial derivatives.

Solution
xy) =y 42y
by
!/ — Y
(X Y) xYIn(x) 4+ 32 +1 + 2x
w(xy) = yly—1)x7?
w(xy) = @7y n(x) +2 = fil(xy)
6(3y> +1) — 6y - 6y 2
1" T = xY
(X Y) xYIn(x) In(x) + G2 1) xY (In(x))” +

6 — 18y2

(By? +1)?




Part IV: Open problems
8 points per problem
Problem 17 (2 42 4 2 + 2 points)
Consider the function f(x) = £x° — 3x3.
a. Calculate the first derivative and the stationary point(s).

b. Classify the stationary point(s) using only the first derivative (local minima,
local maxima or not a local extreme point).

c. Calculate the second derivative f”(x) and the point(s) for which f* (x) = 0.

d. Classify the point(s) from part c using the second derivative (inflection point
or not an inflection point).

(It might be useful to know that V2 ~ 141,33 ~ 1.73, /5 ~ 2.24, \/6 ~
2.45,\/7 ~ 2.65.)

Solution

a. f'(x)=x* —9x2:x2(x2—9)
fl(x) =0 x?(x2 —9) = x*>(x+3)(x —3) =0 < x = 0 or &3.
So the stationary points are 0, —3, 3.

b. f'(—4) = (—4)*((—4)>-9) =4?(42-9) >0
f(=1) = (=1)*((-1)*~9)=1-9<0
(1) =12(12-9)=1-9<0
f'(4) =4%(42-9) >0
So f'(x) > 0 on (—o0,—3), f'(x) < 0on (—3,0) and (0,3), f'(x) > 0 on
(—3,00)
Hence, x = —3is a local maximum point, x = 3 is a local minimum point,

and x = 0 is not an extreme point.

c. f"(x) =4x3—18x = 2x(2x> —9)
f'(x) =0 & x =00r2x>-9 =0 & x = 0orx? = 9/2 & x =

0or +3/v/2

d. f'(=3)=2-(-3)(2-(=8)*—=9) = —6(18 —=9) < 0
f1(=1)=2-(-1)(2-(-1)*=9) = =2(2-9) >0
(1) =2-1(2-12-9)=2(2-9) <0
f"(3) =2-3(2-32-9) =6(18—9) >0

So f"(x) < 0on (—c0,—3/+/2), f"(x) > 0on (—3/+/2,0), f’(x) < 0 on
(0,3//2), f"(x) > 0on (3//2,).

Hence, x = 0, +3/+/2 are all inflection points.




Problem 18 (3 + 3 4 2 points)
Consider the function f(x,y) = x> + (x — y)> — 15x + 3y.
a. Calculate the first and second order partial derivatives of f.

b. Calculate the stationary points of f. (It is not necessary to compute the
function value of f in every stationary point.)

c. Use the second order test to classify the stationary points (i.e. local mini-
mum, local maximum, saddle point or inconclusive).

Solution

a.

felxy) = 32 +3(x—y)*—15

frlvy) = =3(x—y)*+3
w(xy) = 6x+6(x—y)
w = —6(x—y) = fi}

fyy = 6(x—y)

b. In the stationary points it holds that fy(x,y) = 0 and f,(x,y) = 0.
filxy) = Bx—-y*+3=0& (x—y)P=1ex—y=1lorx—y=
-ley=x—-lory=x+1
Suppose y = x — 1. Substituting thisin f.(x,y) = 3x*> +3(x —y)>—15=0
gives3x2 +3(x —x+1))?—15=03x2-12=0c 12 =4 & x = £2.
Ifx=—-2theny=-2-1=-3.Ifx=2theny=2-1=1.
Suppose y = x + 1. Substituting this in f.(x,y) = 3x> +3(x —y)>—15=0
gives3x2+3(x—x—1))>—15=0<3x2-12 =0 x = £2. Ifx = -2,
theny=-2+1=—-1.Ifx=2,theny=2+1=3.
The stationary points are (-2, —3), (2,1), (—=2,—1) and (2,3).

c. Using the second order test we get the following table.

(x,y) A B C AC — B? type
) —6 —6 6 —2-6° saddle point
) =18 6 —6 18:6—6%>0 local maximum
) 18 —6 6 18-6—6%>0 local minimum
) 6 6 —6 —2- 62 saddle point

10



Problem 19 (3 + 3 4 2 points)
We would like to find the maximum of

f(x,y) = x>+ x*y subjectto g(x,y) =2x>+y =3
It is given that this maximisation problem has a solution.

a. Give the Lagrangian function and the first order conditions of the Lagrange
multiplier method for this problem.

b. Find the point(s) (x,y) and the corresponding value(s) of A that satisfy the
tirst order conditions of the Lagrange multiplier method.

c. What is the maximum value and at which point(s) is it attained?

11



Solution

a. The Lagrangian function in this case is

L(xy) = f(x,y) = Ag(xy) — ) = 2+ %y — A (222 +y - 3)

In general, the first order conditions are:

Ly(x,y) = fr(x,y) = Agy(x,y) =0
Ly(x,y) = fy(x,y) — Agy(x,y) =0
g(x,y)=c

For this specific problem it gives:

Ll(x,y) =2x+2xy —4xA =0 (1)
Ly(x,y) =32 —A=0 (2)
222 4+y—-3=0 . (3)

b. From(Z)wegetxZ—)\ =0 A =2
From 3) we get2x? +y—3=0<y =3 —2x2,
If we substitute these expressions for y and A in (1), then we get

2x +2x(3 — 2x%) — 4x(x?)
& 2x 4 6x — 4x° — 4x°
& —8x° + 8x

& x(—8x* +8)

©x=0 or 8x* =38

Sx=0 or x==1

o O O O

Ifx=0theny=3-2-02=3and A = 0> = 0.
Ifx=1,theny=3-2-12=1and A =12 =1.

Ifx=-1,theny =3—-2(-1)>=1and A = (-1)? = 1.

Hence, the points that satisfy the first order conditions are (0,3) with A =
0,(1,1) withA =1and (—1,1) with A = 1.

c. Itis given that the solution of the maximisation problem exists, so we only
need to compare the function values in each of the three candidate points
found in part b.
f(0,3)=0>+0%-3=0 f(—1,1)=(-1)2+(-1)21=2
f(1,1)=12+12-1=2.

We conclude that the maximum value is 2, attained at the points (—1,1)
and (1,1).
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